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I. Introduction

Since the beginning of this century, limiting dilution assays (LDAs)!
have been used to quantitate a wide variety of biologically active particles
(BAPs) including bacteria (Phelps, 1908), protozoa (Cunningham, 1915),
viruses (Clark, 1927), tumor cells (Hewitt, 1958), immunocompetent cells
(Makinodan and Albright, 1962), and neurocompetent cells (Barbarese et
al., 1983). L.LDAs can also be used to quantify the effectiveness of purifica-
tion and depletion procedures (Taswell et al., 1979) and to separate and
characterize BAPs and their clonal progeny (Taswell ez al., 1980). Recent
articles by Taswell (1981, 1984a.b) presented basic principles of LDAs,
reviewed existing methods, and introduced new methods for the problems
of model discrimination, parameter estimation, and design optimization.
This article attempts to collect in one publication all methods of statistical
analysis relevant to LDAs and to present them in a unified manner with a
common terminology and notation.

Throughout most of their history, LDAs have been known as dilution
assays, serial dilution assays, dilution series, dilution tests, fermentation
tube tests, coliform density tests, etc., and limiting dilution analysis as the
dilution method, dilution series method, fermentation tube technique,
multiple tube method, multitube fermentation method, etc. It was only
relatively recently that immunologists began using the newer terms *‘lim-

! Abbreviations: LDA, Limiting dilution assay; SHPM, single-hit Poisson model; BAP,
biologically active or assayable particle; BIP, biologically inactive particle; POP, physico-
chemically observable particle; CTL-P, cytolytic T lymphocyte precursor; MLC, mixed
leukocyte culture; LS, least squares; WM, weighted mean; ML, maximum likelihood; MC,
minimum chi-squared; V, variance; CI, confidence interval; CV, coefficient of variation: df,
degrees of freedom; pdf, probability density function; and all other mathematical and statis-
tical notation as explained in the text.
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iting dilution assays’” (Kennedy et al., 1966) and *‘limiting dilution analy-
sis”” (Groves er al., 1970). Most bacteriologists, virologists, public health
officials, and sanitary engineers still use the older terms (Wilson, 1983;
Greenberg et al., 1985). Of all the different names for these bioassays, the
term ‘‘limiting dilution assay (LDA)”’ is the most descriptive, the most
general, and therefore the most appropriate for the collection of assays as
a class. The words *‘limiting dilution”’ emphasize two important and re-
lated aspects of this class: (1) the assays are based on a process of dilution
of the dose to extinction of the response, and (2) this process requires that
only the BAP to be quantitated is diluted to these limiting doses while all
other culture system constituents are provided at saturating (nonlimiting)
doses.

Assuming that certain fundamental hypotheses (Section I,B) are vali-
dated for each case, the same methods of statistical analysis apply to all
LLDAs regardless of the kind of BAP diluted in liquid suspension. Indeed,
these methods also apply to procedures used to quantitate BAPs that are
not suspended in liquid. Botanists, ecologists, and foresters quantitate
plants on tracts of land; their observational studies analogous to LDAs
are called stocked-quadrat surveys (Blackman, 1935; Swindel, 1983). Ag-
ricultural and veterinary scientists quantitate viruliferous insects in a vec-
tor population capable of transmitting viral, bacterial, fungal, or parasitic
diseases to plant and animal hosts; their experimental procedures analo-
gous to LDAs are apparently not known by any particular name (Thomp-
son, 1962; Kerr, 1971). All of these LDAs and analogous procedures are
dose—response assays that detect quantal responses and require dilution
of the dose to extinction of the response. They must be distinguished from
a related class of assays (such as plate, colony, plaque, and pock count
assays) that detect quantitative responses and do not require dilution to
extinction. Different methods of statistical analysis apply to this related
but distinct class of assays (Fisher ef al., 1922; Roberts and Coote, 1965).
These methods cannot be used for LDAs.

A. LIMITING DILUTION AsSAYS (LDAS)

1.DAs detect binary (positive or negative) responses generated by
BAPs in individual irn vivo or in vitro cuitures within groups of replicate
cultures that vary in the dose of the test preparation from which the BAPs
are sampled. LDAs can be used to estimate the absolute number of BAPs
[called the most probable number, MPN, or density of coliform organisms
by bacteriologists (Phelps, 1908; Wilson, 1983)], the 50% endpoint on the
dilution scale of the BAP test preparation [the dilution level at which the
group of replicates is 50% positive and 50% negative (Reed and Muench,
1938; Worcester, 1954)], and the relative frequency of BAPs |called the
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immunocompetent cell frequency by immunologists (Taswell, 1981)1.
These three parameter estimates are obtained from two subclasses of
LDAs: subclass I consists of all LDAs that can be used to calculate
absolute numbers and 50% endpoints but not relative frequencies, and
subclass I consists of all LDAs that can be used to calculate all three
parameter estimates. Absolute numbers are expressed as the number of
BAPs per unit volume of test preparation, 50% endpoints as units on the
dilution scale of the BAP test preparation, and relative frequencies as the
proportion of BAPs within a mixture of biologically active and inactive
particles (BAPs and BIPs). Dilution levels for 50% endpoints may be
necessary for drug or antisera titration studies but not appropriate for any
study where it is possible and meaningful to estimate the absolute number
of BAPs (because a dilution level is clearly less informative than an abso-
lute number). Therefore, they will not be considered further in this article.

The two subclasses can then be designated by their distinguishing para-
metric estimates as absolute number LDAs (subclass I) and relative fre-
quency LDAs (subclass II). Both absolute number and relative frequency
LLDAs are biological assays for particles of a specific type defined by their
functional activity and called biologically active or assayable particles
(BAPs). Relative frequency LDAs, however, also incorporate an accom-
panying physicochemical assay for particles of a general type defined by
their structural morphology or other physicochemical characteristics and
called physicochemically observable particles (POPs). As an example,
[.DAs are used to measure the relative frequency of cytolytic T lympho-
cyte precursors (CTL-Ps) as the BAPs within a mixture of leukocytes as
the POPs (Taswell et al., 1979). In this example, the functional activity of
the BAPs is defined as cell differentiation and proliferation producing a
clone of cells that can kill target cells (assayed indirectly by 3'Cr release),
while the structural morphology of the POPs is defined as standard leuko-
cytic morphology (observed directly by light microscopy). In absolute
number LDAs, the number of POPs (theoretically equal to the number of
BAPs plus BIPs) is never known because any physicochemical assay that
could conceivably be used to observe them is not performed due to im-
practicality or impossibility.

B. THE SiNGLE-HiIT PoissoNn Mobei. (SHPM)

To analyze dose—response data from LDAs, it is necessary to validate a
model incorporating two fundamental hypotheses: one for the provision
of the dose and the other for the generation of the response. For the
sampling of BAPs aliquoted to replicate cultures, first McCrady (1915)
assumed a binomial distribution hypothesis and then Greenwood and
Yule (1917) a Poisson distribution hypothesis. For the generation of a
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positive response in the test subjects (in vive or in vitro replicate cul-
tures), all of the original investigators assumed implicitly (but never stated
explicitly) the single-hit hypothesis: a positive response is generated in
every test subject that receives at least one BAP. Subsequent investiga-
tors, including Iwaszkiewicz and Neyman (1931), Worcester (1954),
Lefkovits and Waldmann (1979), and Taswell {1984b), considered other
hypotheses for the response generation process such as multiple-hit, mul-
tiple-target, variable-subject, false-positive, and false-negative phe-
nomena.

Thus, the dose—response model originally proposed by Greenwood and
Yule (1917), and recently called the single-hit Poisson model (SHPM) by
Taswell (1981), incorporates the Poisson distribution hypothesis for the
provision of the dose and the single-hit hypothesis for the generation of
the response. The mathematical formulation of the SHPM is

84 = exp(—wa) = exp(—dAra) (1)
where 64 is the negative response probability for each subject in the dth
dose group of replicate subjects, wqg is the unknown mean number of
BAPs provided to each subject of the dth dose group, ¢ is the unknown
parameter to be estimated, and A4 is the known parameter for the dose
level of the dth dose group. For absolute number and relative frequency
LDAs, there arc different interpretations for ¢ and A4 in the identity wg =
dAq. For absolute number LLDAs, ¢ is the unknown absolute number (0 =
¢ = =) of BAPs in the test preparation; and A4 is a known varying dilution
factor for constant volume samples or a known varying volume for con-
stant density samples of the test preparation provided to test subjects. For
relative frequency LDAs, ¢ is the unknown relative frequency (0 = ¢ = 1)
of BAPs in the test preparation; and A4 is the known mean number of
POPs from the test preparation provided to test subjects.

To estimate the unknown parameter ¢ with the SHPM, the theoreti-
cally predicted negative response probability 84 must be approximated by
the experimentally observed negative response fraction py according to
the equation

ra/ng = pa = 04 = exp(—drq) 2
where rq and ngy are, respectively, the number of negatively responding
subjects and the number of replicate subjects for the dth dose group. After
a logarithmic transformation and then substitution with the linear regres-
sion variables Xy and Y, and slope parameter 8, Eq. (2) becomes

Yo = In(ra/ng) = —pAa = —dpXy = BA4

which shows that the SHPM is a member of the class of generalized linear
models (McCullagh and Nelder, 1983).
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C. SAMPLE AND PoruLation LDAs

Due to the unstable nature of most biological preparations, it is gener-
ally impractical, if not impossible, to assay repeatedly the same biological
sample. It is possible, however, to assay repeatedly the same biological
population by performing, either simultaneously or serially, a sequence of
LDAs on a sequence of biological samples with one assay for each sam-
ple. Two or more assays can be performed for each sample, but only
simultaneously and not serially, because of the biological instability of the
sample. If they are performed simultaneously, however, then the data
from the multiple simultaneous assays can be combined and analyzed as if
obtained from a single larger assay. Assays and samples are thus consid-
ered to be always in one-to-one correspondence with each other. With
this convention of one-to-one correspondence, the assays/samples are
indexed by a, and ¢, is interpreted with respect to the sample as a fixed
parameter but with respect to the population as a realized value of a
random variable ®, with a distribution with mean u4 and variance .

LDAs can then be described as sample or population assays according
to the number A of assays/samples in the sequence or subsequence under
consideration. For sample LDAs, there is only one (A = 1) assay/sample.
They are used to obtain sample estimates ¢ of sample parameters . For
population LDAs, there are two or more (4 = 2) assays/samples with
indices a such that | = a = A. They are used to obtain both sample
estimates ¢, of sample parameters ¢, and population estimates iy and 6
of population parameters ug and 4. LDAs can also be described as
single-dose or multiple-dose assays according to the number D, of dose
groups in the ath assay. For single-dose LDAs, there is only one (D, = 1)
dose group. For multiple-dose 1.DAs, there are two or more (I, = 2) dose
groups. The description of LDAs as sample or population assays and as
single-dose or multiple-dose assays is helpful when discussing the selec-
tion of statistical methods that are appropriate for different situations or
for different interpretations of the same situation. For example, the same
LDA can be interpreted as a sample LDA or as one of a sequence of
population LDAs. Both assay design and data analysis may require differ-
ent methods according to the different interpretations.

II. Sample LDAs: SHPM Validity Tests

Principles of bioassay validity tests and the distinction between model-
discrimination experiments and parameter-estimation assays were dis-
cussed recently by Taswell (1984b). References to the literature on SHPM



114 CARL TASWELL

validity tests for LDAs can be found in the reviews by Taylor (1962),
Finney (1964), and Taswell (1984b). These tests detect deviations from
the SHPM for parameter-estimation assays with a known culture system
where the SHPM is assumed to apply most of the time. They do not select
or “‘prove’’ one of many alternative models for model-discrimination ex-
periments with an unknown culture system where a dose—response model
has not yet been demonstrated. Thus, they are used as assay-screening
tests, enabling faulty assays to be discarded and replaced while indicating
the possible nature of the defect in the faulty assay.

A. METHODS

Data from LDAs are validity tested for goodness of fit with the SHPM
by calculating x? statistics and confidence intervals (CI) for the slope
parameter 8 from the generalized linear models 1 and 2

In (f‘d =ay + Bl}‘d (3)

da = ay + Ba/hg (4)
to determine whether 8; and B, differ signiﬁcantlyA from zero. These
models regress Yy = In ¢q on X4 = Ag and ¥y = ¢y on Xg = 1/Ag4 by
weighted least squares where

da = —(In pg)/Aq

is the dth single-dose estimate of ¢. This generalized linear modeling
approach to SHPM validity testing for LDAs was developed by Armitage
and Spicer (1956), Gart and Weiss (1967), and Taswell (1984b). Consult
Gart and Weiss (1967) for the derivation of model 1 and Taswell (1984b)
for the derivation of model 2.

1. Validity of the Assay
a. The Chi-Squared Slope Statistic. Consider the weighted least-
squares regression of ¥y on Xy for the linear model
Yo = ¢ + BX4

with weights wg = 1/V(Yy) where V is the estimate of the variance V.
Then a (1 — «)100% confidence interval (CI) for each Y is given by (1 —
a)l00% CI(Yy) = Ya * zon/w}?. Define the weighted means

Yw=2ded/E Wd. Xw=2WdXd/E wy

with sums over d forl =d=D. Define the deviations from the sample
means yq = Yq — ¥,, and x4 = X4 — X,,. Then estimates for the slope g, its
variance V(f3), and the intercept « are given by

6. LIMITING DILUTION ASSAYS FOR BIOACTIVE PARTICLES 115

B = 2 WaXg¥d / z wdxé |
V(B - (Z wayg — 32 dedyd)/[(l) —2) > waxl]
a =Y. - BX,
with the test statistics

Xglope = (Z dedyd)h/z deﬁ = B Z WaXd Yd

i=8/[vp]

observing the x? distribution with 1 degree of freedom (df) and the ¢
distribution with D — 2 df, respectively, for the null hypothesis that B=0.
A (1 — a)100% CI for 8 is given by

(1 — @)100% CI(B) = B + 1.,[V(R)]'"

where 1, is the two-tailed « level significant value of r with D — 2 df; P
values for test statistics can be calculated using the algorithms reviewed
by Maindonald (1984).

b. Model 1. Set Y4 =In 4, X; = Ay, and

we = ngpa(ln pa¥*/(1 — py) (5)

excluding dose groups with pg = 0 or py = 1 because they result in wy = 0
or in indeterminate forms. Perform weighted least-squares regression and
calculate the CI for the slope 8, and the Xﬁ.(,pc statistic x2oge 1 under the
null hypothesis that 8, = 0. A negative value for 8, with a significant £
value from the 1 df X304 1 test suggests the presence of a dose—responsc
effect consistent with a variable number (dependent on Ay) of false nega-
tives. A positive value for 8, with a significant £ value from the 1 df
Xiodel 1 test suggests the presence of a dose—response effect consistent
with a multihit and/or multitarget response-generation process.
c. Model 2. Set Yd = d;da Xd = l/)td, and

wq = ngpaAi/(1 — pg) (6)
excluding dose groups with Ay = 0, pg = 0, or p; = 1 because they result in
wa = 0 or in indeterminate forms. Perform weighted least-squares regres-
sion and calculate the CI for the slope 38, and the x3ope Statistic XZode 2
under the null hypothesis that 8, = 0. A positive value for 8, with a
significant P value from the 1 df %042 test suggests the presence of a
dose—response effect consistent with a constant number (independent of
Aq) of false positives.

2. Validity of the Estimate

If the SHPM is not rejected by the assay validity tests (Section I1,A,1),
then a sample estimator such as ¢yc, dyr, or dwy based on the SHPM



