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FOOTNOTES

1 Supported by Medical Scientist Training Program Grant T32 GM

07308-09 from the National Institutes of Health to the New York

University School of Medicine MD-PhD Program. Address correspondence

to the author at the Courant Institute.

2 Abbreviations used in this paper: LDA, limiting dilution assays;

IC, immunocompetent cells; CTL-P, cytolytic T lymphocyte

precursors; SHPM, single-hit Poisson model; UAP, uninformative assay

probability; CRMV, Cramer-Rao minimum variance; MUD, minimum UAP dose;

MVD, minimum CRMV dose; NRP, negative response probability; ADOA,

assay-design optimization analysias; all other mathematical and

statistical notation as explained in the text.

General statistical concepts such as the CR.MV are not referenced

throughout the text unless they are applied by an author specifically

to limiting dilution analysis. Readers not familiar with any of the

statistical concepts used in this article should consult the excellent

introductory text by Freund and Walpole 1980.

Standard conventions used for notation in this paper: Variable

parameters and indicator variables are represented by Greek letters

while random variables are represented by Latin letters. Parameter and

variable names are represented by upper case letters while their values

are represented by lower case letters.



SUMMARY

A statistical method was developed to optimize experimental

designs for quantal response limiting dilution assays used to determine

the frequencies of immunocompetent cells. Formulas for the design

optimization criteria were derived by incorporating a prior

distribution for the inimunocompetent cell frequency into the design

optimization analysis. This prior distribution was used to

parameterize the advance information known about the frequency. The

Cramer-Rao minimum variance and uninformative assay probability were

chosen as the optimization criteria. Tables of these parameters, their

corresponding optimum doses, and other experimental design parameters

were computed for various frequency prior distributions. This method

was developed in order to resolve the problems of previous approaches.

The values computed for the optimum efficiency dose and for the minimum

error of the frequency estimate are respectively higher and lower than

those obtained by previous authors. Additional results predict that it

is possible to perform single-dose assays successfully with low

uninformative assay probability at doses approaching the optimum

efficiency dose. Single-dose assays should be used, however, only

when the single-hit Poisson model used to estimate the frequency has

already been proven valid by a multiple-dose experiment. References

are provided for these validity tests. To optimize the design of

future assays in a sequence, information from past assays in the

sequence should be used with the method and results presented here.

The errors of frequency estimates could then theoretically be reduced

to levels lower than those previously considered attainable.



INTRODUCTION

Limiting dilution assays LDA2 can be used to determine the

relative frequency of a specific type of cell defined by a biological

function within a mixture constituting a general type of cell defined

by a physical structure. For LDA employing immune response culture

systems, the cells of the specific type are called "itninunocompetent"

cells IC and are defined by their functional activity; while the

cells of the general type are called "total" cells and are defined by

their structural morphology. For example, LDA are used to measure the

relative frequency of cytolytic T lymphocyte precursors CTL-P as the

IC within a mixture of leukocytes as the total cells Taswell,

MacDonald, and Cerottini, 1979. In this example, the functional

activity of the IC is defined as cell differentiation and

multiplication producing a clone of cells that can kill target cells

observed indirectly by the 51Cr release assay, while the structural

morphology of the total cells is defined as standard leukocytic

morphology observed directly by light microscopy. Quantal immune

response LDA are dose-response bioassays that detect an all-or-nothing

positive-or-negative immune response in each individual culture

within groups of replicate cultures that vary in the dose of total

cells tested. Analysis of dose-response data from these LDA may yield

three types of results: 1 the IC frequency estimate, 2 the error of

the estimate, and 3 the goodness of fit of the single-hit Poisson

model SHPM used to estimate the frequency Taswell, 1981.

These results can be obtained, however, only if the assay Is

performed at a sequence of one or more dilution doses such that the

defined IC are limiting neither saturating nor depleting and all
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other cell types and growth factors are saturating. If at least one of

the IC doses is limiting such that some of the cultures are positive

and some are negative, then a confidence interval with both lower and

upper limits for the estimate as well as the estimate itself can be

calculated. The estimate and assay can therefore be termed

informative. However, if all of the IC doses are either saturating

such that all of the cultures are positive or depleting such that all

of the cultures are negative, then either only a lower limit or only an

upper limit for the estimate but not the estimate itself can be

calculated. The estimate and assay can therefore be termed

uninformative. The nature of limiting dilution analysis thus requires

the investigator to guess the frequency in advance and design the assay

accordingly.. With this goal in mind, the Investigator should note that

statistical analyses may be performed not only after an experiment

data reduction in order to obtain the most information possible from

the data available, but also before the experiment design

optimization in order to obtain the most data possible for the

information desired. The use of design optimization methods in

conjunction with data reduction methods thus enables the investigator

to obtain the most productive information yield for the amount of time,

effort, and money Invested. In the context of limiting dilution

analysis, the assayist seeks to maximize the information that can be

obtained from a given number of test cultures where in general the

information will increase as the number of cultures increases.

In order to optimize the experimental design for LDA, it is

necessary to choose criteria by which to compare alternative designs.

These criteria should correspond to each of the three types of LDA
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results numbered above. They could then be used to 1 minimize the

probability of the cultures responding all positively or all negatively

in order to obtain an informative estimate, 2 minimize the error of

the estimate in order to obtain an accurate and precise estimate, and

3 maximize the trustworthiness of the 5RPM goodness-of-fit validity

test in order to obtain a valid estimate. For these three design

criteria, I chose 1 the uninformative assay probability Uk?, 2 the

Cramer-Rao minimum variance CRMV3, and 3 the validity test power.

In this article, I restrict my analysis to single-dose assays and

present results of calculations for the Uk? and CRMV design criteria.

Since any 5RPM validity test requires at least two dilution doses, the

restriction to single-dose assays precludes any calculation of results

for the validity-test-power design criterion. Its use here is limited

to the statements above and the Discussion where validity tests are

reviewed briefly. This restriction simplifies the design optimization

problem to that of finding the IC dose where the UAP attains a minimum

and the IC dose where the CRMV attains a minimum. I refer to these two

IC doses as the minimum Uk? dose MUD and the minimum CRMV dose MVD.

Since the probability that a culture responds negatively at each of

these doses provides another measure by which to compare them, I also

calculate the negative response probability NRP as well as several

other parameters by which the assayist can judge the suitability of an

assay design for his purposes.

Although most of these parameters have been calculated and

published in the past see the Discussion for a brief historical review

of the literature, the assay-design optimization analyses ADOA of

previous authors have applied to an LDA used to determine a sample
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estimate rather than a sequence of LDA used to determine a population

estimate. The distinction here between samples and populations

applies to biological samples and populations. It does not imply

repeated assaying of the same biological sample, which is generally

impractical if not impossible. I refer to these two AOOA as the

sample-estimate ADOA and the population-estimate ADOA. The

unavailability of computers and algorithms and the consequent desire

for simplified calculations are possible explanations for the use of

the sample-estimate ADOA by previous authors. Advances in the computer

sciences have made their simplifications unnecessary and the two major

flaws inherent in their simplifications unjustifiable. The first flaw

is a logical contradiction: In order to perform the LDA at an IC dose

optimized by methods based upon the sample-estimate ADOA, the assayist

needs to know the IC sample frequency in advance, but if he knows the

IC sample frequency in advance, he does not need to perform the LDA.

The second flaw is an unanswered question: When the assay design is

optimized by two different methods, one based upon the sample-estimate

ADOA and the other based upon the population-estimate ADOA, are the

resulting optimum designs necessarily the same? If they are different,

then the optimum design based upon the population-estimate ADOA should

be used because most LDA are in fact repeated for different samples

from the same population. This choice would also enable the assayist

to avoid the logical contradiction stated above as well as wasting

information obtained from previous LDA. Indeed, common sense leads the

assayist to believe that the calculation and selection of an optimum

design should depend upon the advance information known about the IC

sample frequency. This advance information can be represented by a
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prior distribution with a mean and coefficient of variation of the mean

for the IC sample frequencies where the mean Is the IC population

frequency. In this article, I incorporate such a prior distribution

into the ADOA and prove that the resulting assay designs optimized for

the sample and population estimates are different.

MATERIALS AND METHODS

Bioiolical assumptions. Assume that identical and independent

replicate single-dose assays are performed for replicate biological

samples at the same dilution dose of total cells added to replicate

cultures . Assume furthermore that only one LDA can be performed for

each biological sample under conditions for which the SHPM has been

proven valid for the biological population. Then the IC sample

frequency , see below will vary due to the biological variation

between different replicate samples, while the total cell dose A, see

below will vary due to the error for the haemocytometer cell count

used to infer its value and due to the error for the dilution procedure

used after the cell count. The IC sample frequency estimate ‘p, see

the Appendix will then vary as a consequence of the variation in the

IC sample frequency, the error in the total cell dose, and the

distribution errors for the numbers of IC and total cells added to

replicate cultures in each LDA. An example of a typical population of

IC is the population of C57BL/6 anti-DEA/2 murine spleen CTL-P with a

mean sample frequency of 2.6 x iO and a coefficient of variation of

the mean of 0.5. This population estimate has been calculated from 19

sample estimates Taswell et al, 1979.
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Nathern and statistical definitiona and assurnations. Let with

real values4 0 C C 1 be the relative frequency of IC in the given

sample . 4 is the conditional probability given the sample that any

single cell is an IC. It is equal to the ratio of the number of IC to

the number of total cells in the sample. Assume that 4 is a beta

variable parameter with a prior distribution such that its probability

density function is f,4 its mean is =

its variance is 4 = , and its coefficient

of variation of the mean is CV a/p where

1
Ba, = f $1-41d4 [1]

0

is the beta coefficient and ct,S > 0. When CV = 0, then 4 is a

constant parameter with value P. Let A with real values 0 C A < be

the dose of total cells added from the diluted sample to each replicate

culture in the given single-dose assay. A is the assumed average

number of total cells added to each culture. Its value is inferred

from the value of a haemocytometer cell count multiplied by a dilution

factor. Assume that A is a variable parameter with a negligible prior

distribution such that it can be approximated by a constant parameter

with value TMA* Let Li with real values 0 C w C A be the dose of IC

added from the diluted sample to each replicate culture in the given

single-dose assay. Li is the assumed average number of IC added to each

culture. Its value is inferred from the value of A multiplied by a

value assumed for . Assume that Li is a variable parameter with a

prior distribution determined by those for G and A such that

Q=A [2]
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and Let e with real values 0 0 < 1 be the conditional

probability given = 4 and A = X that any single culture in the given

single-dose assay responds negatively according to the SHPM. 0 is the

NRP. Assume that 0 is a variable parameter with a prior distribution

determined by those for and A such that

= e [3]

= EG, and 4 = E02
- 4 where E is the expectation operator and both

and 4 can be expressed as functions of . Let n with integer

values 1 c n < be the number of replicate cultures tested in the

given single-dose assay or sequence of replicate single-dose assays.

Let with real values 0 1 be the conditional probability given

4’ 4 and A = A that n replicate cultures in the given single-dose

assay respond either all positively or all negatively according to the

SHPM. Is the UAP. Assume that is a variable parameter with a

prior distribution determined by those for 4’ and A such that

e4’A + l_e4’Afl [4

and
n

= E’P - where both iv and o, can be expressed

as functions of jig. Then the value of Pç for which p, attains a

minimum is the MUD. Note that 4’, A, 1, 0, and are parameters for a

given sample and single-dose assay, while Ui, ii, i,-, and p%, are
n

parameters for a given population and sequence of replicate single-dose

assays. Furthermore, note that for the given population there is a

one-to-one correspondence between the sequence of replicate samples and


